Empirical evidence accumulated over the years shows that the time-dependent change of macroscopic properties of physical systems evolving to equilibrium exhibits a great degree of universality. We address the question of the origins of the universal relaxation laws in terms of probabilistic approach based on the multichannel parallel relaxation mechanism. We present a clear stochastic scheme uniquely leading to the whole class of experimentally observed relaxation responses. The proposed scheme results from the common assumption that only the fastest channel contributes to relaxation dynamics. Ó
Introduction
The study of nonexponential relaxation is a problem of topical interest in nonequilibrium statistical physics. It is of importance in the study of a variety of problems from condensed matter physics [1, 2] , nuclear physics [3] , spectroscopy [4, 5] , rheology [6] , seismology [7] , physical chemistry [8] , molecular biophysics [9, 10] , cell and population dynamics [11, 12] , etc. Among dierent relaxation functions suggested in the literature [1] the Kohlrausch±Williams±Watts (KWW) function
plays an important role. Although the stretched exponential decay law (1.1) appears frequently enough to call attention for the origins of its ubiquity, it is not universally valid [13, 14] . On the basis of linear dielectric response measurements, allowing one to follow the relaxation process over several decades of time, the existence of the two power-law response
in relaxation dynamics of complex systems has been established unambiguously [14] . The parameters 0`nY m T 1 and e b 0 are constants characteristic to the material. The wide occurence of the KWW stretched exponential relaxation (1.1), independently of the particular material properties, has attracted (and still does) much theoretical attention for the underlying reason of this phenomenon. It has been commonly assumed that the KWW function corresponds to a kind of universal behavior which is independent of the details of individual processes and this has stimulated the proposal of several``universal'' mechanisms based either on parallel channel relaxation [14±19] or on hierarchically constrained dynamics [17, 20, 21] . In contrast, much less attention has been paid to the theoretical interpretation of the broader class (1.2) of relaxation responses. Let us note that the considerable dierence between (1.1) and (1.2) is observed in the long-time limit where the time derivative of the KWW function does not exhibit the power-law behavior.
The purpose of this paper is to present a model which generates both the stretched exponential (with the special exponential case a 1) and the two power-law responses. Since any relaxation process results from an appropriate transitional con®guration in the system, imposed by nonequilibrium constraints at time t 0, and is conditioned by speci®c interactions of dierent parts of the system, both with local random characteristics, it is natural to address the question about the origins of the universal relaxation law in terms of probabilistic approach. In our opinion, in order to understand the universality of relaxation responses one needs to consider the nonexponential relaxation in a way that separates it from a particular physical context. Crucially relevant to this issue is the problem how to relate the local random characteristics of relaxing complex systems to the deterministic relaxation laws (1.1) and (1.2) observed on the macroscopic level. Such a relation has been proposed in a series of papers [22±31] devoted to stochastic modeling of relaxation phenomena via limit theorems of probability theory [32±36] .
In this paper we study the so-called ®rst passage of the system in which relaxation is due to events occuring through a collection of independent channels characterized by individual relaxation (transition) rates. The notion of the ®rst passage as the survival probability of an initial nonequilibrium state of a complex system has been introduced [23, 24] to re¯ect the basic assumption taken in dierent approaches to relaxation phenomena [14±21] that only the fastest channel of relaxation contributes to relaxation dynamics.
Survival probability as the ®rst passage of a complex system
The question of the origins of nonexponential relaxation addressed in terms of the parallel channel relaxation models is based on the distribution of random relaxation rates b i , each corresponding to one channel of relaxation. The channels operate in a parallel (independent) ways and it is commonly assumed that only the fastest channel contributes to relaxation dynamics. According to dierent approaches to relaxation phenomena [14±31] the relaxation function /t represents the probability Prh P t that the transition of the system from its initial nonequilibrium state does not happen prior to a time instant t. Herẽ h denotes the life time of the initial state of the system as a whole. This probability can be given [23±31] by the ®rst passage of the system de®ned as minh 1 
is the life time of the ith initially imposed substate and m x is a number of substates taken into account (for example m x x ). Namely,
for a suitable sequence of normalizing constants e x . Such a notion of the survival probability simply expresses the fact that only the fastest channel contributes to relaxation dynamics. The nonnegative h 1 Y h 2 Y F F F are assumed to form a sequence of independent and identically distributed random variables with a common probability distribution p h t. By means of Extreme Value Theory [35] we obtain immediately that in case m x x the only possible form of /t de®ned by (2.1) is the stretched exponential function (1.1) but with any positive value of parameter a permitted. Note that experimental data give the restriction 0`a T 1. Since every physical transformation process is conditioned by the interactions of dierent parts of the system (the causality principle [1, 17, 21, 37] ), the probability of preservation of the initial substate until a time instant t must necessarily be conditioned by appropriate variates (in general, random) re¯ecting the in¯uence of internal dynamics. In terms of the probability theory we can express it as [23±25]
The nonnegative random relaxation rates b i , i 1Y 2 F F F, form a sequence of independent and identically distributed random variables. Since Eq. (2.1) can be rewritten as /t lim
where hÁi denotes the expected (mean) value andb Ã is a limit in distribution of the normalized sums
The limit theorem (2.3) indicates that the transition probability per unit timeb Ã (the eective relaxation rate) for the system as a whole is equal to a normalized sum of probabilities per unit time b i over all m x possible routes for its realization. This is in agreement with the common assumption in multichannel parallel relaxation models [14±19,37] that a transformation of a complex system can be realized in several independent ways. It also follows from (2.2) that the relaxation function /t de®ned in (2.1) simply expresses the idea of the historically oldest probabilistic attempt to relaxation [1] in which /t has been de®ned as a weighted average of exponential decay with respect to the relaxation rate distribution pbÃ. Namely, the expected value of the random variable expÀtb Ã in (2.2) can be written explicitly as /t I 0 expÀt dpbÃ X It should be noted that we can come to the same conclusions even if the number m x in de®nition (2.1) is not a deterministic number but an integer-valued random variable (independent of the life times h i and relaxation rates b i ) the distribution of which depends on x .
It has been shown [25] that in case of deterministic number m x x the only possible probability distributions pbÃ for the eective relaxation rateb Ã b are completely asymmetric L evy-stable laws a with the parameter 0`a`1 together with degenerate caseb const obtained when a 3 1. These distributions are easily de®ned by their Laplace transforms:
where e is a positive scale constant. Consequently, the only possible formula for the relaxation function (2.1) is the KWW form (1.1). Allowing the number m x in de®nition (2.1) to be random one can broaden the class of possible relaxation functions according to the class of probability distributions used to describe this randomness. For example, assuming that m x is distributed geometrically, i.e.,
one obtains the eective relaxation rateb Ã distributed according to the so-called geo-stable law that leads to form the relaxation function
that exhibits two power-law behavior (1.2) with n 1 À a and m a. Such a response concerns only a small class of experimental data ®tted with the Cole±Cole empirical function [1] . It is worth noting that the law of the eective relaxation rate can be represented in this case as a mixture of one-sided L evy-stable and the exponential distributions. Namely,
where i is exponentially distributed random variable (with the probability density function gk expÀk for k b 0) which is independent of the L evy-stable eective relaxation rateb obtained in case of deterministic number m x . The probability distribution pbÃ of eective relaxation rateb Ã gets then the integral form
This type of mixture has been shown to produce the Mittag±Leer law [38] and hence
Considering the class of negative binomial [32] distributions for m x (which are in fact a generalization of geometrical law) one can get [31] the following form of the relaxation function:
that in case k P a exhibits two power-law behavior (1.2) with n 1 À a and m aak. Observe that when k 1 the relaxation function (2.5) coincides with (2.4) while k 3 0 leads to the KWW function (1.1). In general, the derived form (2.5) corresponds to the whole class of response functions observed in dielectric relaxation phenomena. The eective relaxation rateb Ã leading to (2.5) is distributed according to the negative-binomial-stable law that can be recognized as the generalized Mittag±Leer distribution [38] 
C1aki3C1 a1ak i ek 1aa a1aki X Thus, it can be represented as
where C k is a random variable distributed according to the gamma law, with the probability density function
which is independent of the L evy-stable eective relaxation rateb obtained in deterministic case. Hence
In general, it is possible to obtain in this way any m-stable eective relaxation rate by proper choice of a distribution of m x . The representation of the distribution of m-stable random variables via L evy-stable laws, as well as its tail properties has been studied recently [36] .
Concluding remarks
In order to understand the universal relaxation behavior, which is independent of the details of individual processes, we have proposed the stochastic model based on the universal mechanism hidden behind the limit theorems of probability theory. The notion of the ®rst passage of a complex system has been introduced, according to the basic assumption taken in dierent approaches to relaxation phenomena, that only the fastest channel of relaxation contributes to dynamics of this process. The relaxation function de®ned as a survival probability of an initial nonequilibrium state of the system has been expressed by means of the ®rst passage of the system, and then shown to have the form (2.5) with the KWW function, 0`a`1, and the classical exponential decay as limiting cases. The eective relaxation rateb Ã responsible for the macroscopic behavior of the relaxing system has been shown to have the form (2.3) indicating that a transformation of a complex system is realized in several independent ways. We have observed that the existence of the eective relaxation rate in (2.3), as well as its probability distribution pbÃ , directly follow from the limit theorems of probability theory and uniquely determine the form of the relaxation function. Using the results of the limit theorems for summation scheme with deterministic and random number of summands, we have derived three forms of the relaxation function (2.1), namely · the classical exponential decay form corresponding to the nonrandom eective relaxation rate, i.e., b const with probability 1; · the KWW form (1.1) corresponding to the eective relaxation rate distributed according to the one-sided L evy-stable probability distribution (obtained in the case of deterministic number of summands); · the form (2.5) corresponding to the eective relaxation rate distributed according to the Mittag±Leer probability distribution (obtained in the case of random, negative binomially distributed number of summands).
